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When do we use R-matrix?

• Low energy, “broad” 
resonance reactions

• Resonance interference

• Experimental resolution is 
sufficiently good

No

Yes



For neutron induced cross sections, fits are 
done for even very high mass

• For other applications, even the regions between narrow resonances 
need to be characterized accurately!



Nuclear Reaction Rates

• Nuclear Reaction rates are largely 
calculated by

• Resonance strengths --- for narrow 
resonances (compared to 
experimental resolution)

• Nuclear cross sections --- for cross 
sections where resonance 
interference is important and the 
cross section varies more slowly with 
energy

NACRE (1999)



Reaction rate integrand

• What energy ranges are 
important at a given 
temperature?

• Gamow energy range is just 
an estimate

The integration range 
decreases for lower 
temperatures



REACTION RATE INTEGRAND
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Yield vs cross section: how does the experimental resolution 
compare with the variation of the cross section with energy?
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Thick target, 50 μg/cm2

Thin target, 0.035 μg/cm2

Gula et al. (2023)

Chen et al. (2003)

Negligible resolution distortion

Significant resolution distortion

10B(a,p0)13C
10B(a,p0)13C

6 orders of 
magnitude



Data uncertainties

• Uncertainty in the data

• Systematic differences in overall scale of the cross section (usually target related)

• Difference in the energy dependance of the data



• If data uncertainties 
weren’t bad enough, 
then we must often 
extrapolate the cross 
section

• This necessitates a 
model and with it more 
uncertainty!

We need nuclear models



NUCLEAR MODELS ALLOW US TO BRINGING TOGETHER MUCH MORE 

INFORMATION TO CONSTRAIN THE PROBLEM 

Elastic Scattering

(E, Jp, Ga phase 

shifts, ANCs)

12C(a,a0)
12C 

Tischhauser et al. 

(2009)

16N(ba)

Azuma et al. (1994) 

and Tang et al.

(2010)

b delayed a emission 

(Ga, ANC)

12C(a,g)   

Schürmann et al. 

(2005) and (2011)

Cascade transitions 

(E, Multipolarity, Gg)
12C(6Li,d)16O
12C(7Li,t)16O

(ANC)

Brune et al. 

(1999)

E, Gi

15,000 data points

60 fit parameters



Nuclear models

first principlesphenomenological 

Fundamental 
physics 

constraint

Tunable 
parameters 

to match 
experimental 

data



Nuclear models

• Implements a few 
fundamental physical 
constraints

• Relies heavily on tuning 
parameters to match 
experimental data

• Implementation of accurate  
fundamental nuclear theory to 
calculate the cross section

• Very computationally 
expensive

• Can only be done for light 
nuclei

first principlesphenomenological 



Example phenomenological models

• R-matrix models

• No specific potential is defined

• Allows for maximum flexibility to 
fit data

• In the ideal case, all channels are 
modeled data from each is fit and 
unitarity is conserved

• All resonances are added ad hoc

• Resonance interference is 
accurately modeled

• Background terms need to be 
included to model direct reaction 
part

• Each resonance has a tunable 
energy (E), reduced width 
amplitude (gi) and each channel has 
a radius parameter (ac)

• Potential models

• Different (simple) functional forms for the 
potential are used

• Often uses a Coulomb part plus Woods-
Saxon potential and a surface absorption 
term

• Reproduces many resonances and direct 
part of the cross section directly from the 
potential 

• Additional resonances may have to be 
added ad hoc using individual Breit-
Wigner functions

• If an absorption term is used, it doesn’t 
conserve unitarity. Usually just fits one 
reaction at a time.

• Tunable parameters: potential strengths 
(Vi), radii (ri) and diffuseness (ai) and 
possibly BR parameters as well

• Effective field theory

• Derived as an expansion of 
momentum, where the 
momentum is small compared to 
the binding energies of the 
interacting particles

• Model accuracy (uncertainty) in 
the calculation can be 
estimated from the number of 
terms used in the expansion

• Fit parameters are the effective 
range parameters (ERP). Some 
of these ERPs, can be related to 
fit parameters of other 
theories, such as level energies 
and asymptotic normalization 
coefficients (ANCs) 

• Still under development
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Why R-matrix?

• Assumption: the data is correct

• Maximum flexibility → can most accurately 
reproduce experimental data

• Maximum flexibility → easiest to mess up / 
most influenced by incorrect data

• Track record is pretty good

• It's been used for a long time, a lot of the details 
of the formalism have been derived and are 
accessible in the literature

• Computer codes are available and accessible



R-matrix theory

• Includes “fundamental” quantum mechanics 
information

R-matrix bible



The nucleus

The channel radius rc = ac

Outside: two particle 
clusters that do not interact 
except through the 
Coulomb interaction

Inside: Complex 
Many-body nuclear 
interactions

Classic boundary value 
problem

At rc > ac

V = VCoulomb

At rc < ac

V = V?



Probably what you did in classes, but with Coulomb 
outside and an unknown potential inside

• Solve the Schrödinger equation 
assuming

• Point like particles, 3D

• Two particles in, two particles out 
(Unitarity)

• Angular momentum and parity 
conservation

• Long-range Coulomb interaction

• Time-reversal invariance 

• No nuclear potential specified!

Wave functions of relative motion

Match internal and external wave functions and 
their derivatives at the surface



Connection with general reaction theory or the 
collision matrix (U)

Green’s theorem, single channel

Boundary condition

More Green’s theorem

The R-function

Generalized to the multichannel case,
The R-matrix

Connection to the collision matrix

All these other matrices besides R can 
be calculated

Transition Matrix (T-matrix)



The parameters of the R-matrix are what we are normally 
varying as fit parameters to match experimental data.

Reduced width amplitudes

Pole energies

Remember is the level index and  is the channel index.

Also,             can be positive or negative and its sign determines 
the interference pattern between multiple resonances!



Partial wave expansion

The wave function has the general form

Incoming plane waves Outgoing spherical waves

The wave function can be written as a partial wave expansion.

It is very useful to write the wave function in this form because it means 
that we can truncate the infinite expansion in a very useful way.



Truncation in angular momentum

• Since we’re usually 
dealing with low energy, 
we often only need a few 
terms

• Even more pronounced 
for charged particle 
induced reactions



The (unpolarized differential) cross section

Coulomb term

Resonance term

Interference term



Resonance interference

• There is an R-matrix for each Jp in the calculation
• Interference occurs between levels of the same Jp

in the angle integrated cross section



Example R-matricies

The R-matrix 
is a channel 
matrix, where 
each element 
contains a 
sum over 
levels



Primary g-ray transitions, 
another layer of complexity

• Often implemented using 
perturbation theory

• Works in cases where the 
electromagnetic part of the 
interaction is small 
compared to the hadronic 
part

• Alternative approaches 
include Reich-Moore and 
relativistic wave functions

• Can include a direct capture 
model

• External (potential) Capture

• First used by Holt et al. (1978) 
to fit 17O(n,g)16O data

• Used by Barker and Kajino
(1991) to fit 12C(a,g)16O

• Used by Angulo and 
Descouvemont (2001) to fit 
14N(p,g)15O

• Detailed description in deBoer 
et al. (2017) by Carl Brune

• Mathematic implementation 
is rather cumbersome 



The AZURE2 code: an R-matrix code for 
nuclear astrophysics

• Originally developed by R.E. Azuma under the Joint 
Institute for Nuclear Astrophysics (JINA), published 
2010

• AZURE2 developed by Ethan Uberseder, made 
publically available in 2012

• azure.nd.edu

• Developed benchmark to increase the fidelity of 
R-matrix calculations in the community



What are AZURE2’s main capabilities?

• Designed originally for 
charged particle reactions 
and for extrapolations to 
low energy

• 12C(a,g)16O was the 
benchmark reaction

• Radiative capture

• Simultaneous multiple 
exit and entrance channel 
fits (AZURE2)

Graphical user interface (Qt)



What kind of reactions are applicable for 
R-matrix?

• Usually Compound Nucleus

• Two step reactions (a+A→C* → b+B)

• No three body yet…

• Usually nucleon – nucleon reactions

• But can also be extended to capture (a+A→C* + g)

• And even (C* + b → b+B)

• Usually low energy

• Low angular momentum dominates

• Usually low level density and few open channels

• Practical limitations

• Useful when broad resonances are present in the cross section



Example, 12C+p

• Skowronski et al. (2023) and Kettner et al. (2023)

• A few well separated resolved resonances

• Well determined spin-parities (Jp)



Level Structure of 13N

• The ideal case for R-matrix

• Low level density

• Isolated set of levels near threshold

• Resonances are broad enough to easily 
measure but not too broad so that their 
shape can’t be easily discerned

Almost 3 MeV gap



Example: 12C(a,g)16O extrapolation to 
low energy

300 keV or 0.2 GK

s ≈ 2 × 10-17 b



Several g-decay channels

GS

GS



• Should think about R-matrix 
fitting of the compound system



Same level 
parameters used 
to describe all of 
this data 
simultaneously!



Very nice behavior of ground state part of the 
cross section

12C(a,g0)16O



Not so nice

14N(p,g0)15O



Uncertainty, uncertainty, uncertainty

• When we fit multiple data sets 
simultaneously it helps us 
understand systematic 
uncertainties

• Do we have the energy scale 
calculated correctly (shared 
excitation energy)?

• Do we have the cross section scale 
correct (unitarity)?

• Of course, the price is that it is a 
lot more work to fit all of this data 
together



Uncertainty, uncertainty, uncertainty

NSF, CSSI program



Improving uncertainty estimation 
for R-matrix fits

• Bayesian methods provide a 
way to improve and gain 
more detailed information

• See de Souza et al. (2020) for 
an application to 3H(d,n)4He

• Computationally intensive, 
but probably doable

• Daniel Odell at Ohio 
University has developed the 
Bayesian R-matrix Inference 
Code Kit (BRICK) for use with 
the AZURE2 R-matrix code



Unitarity constraints

Fits for the 18O 
system

Oliva et al. (2024)



Priors

Posteriors

Correlation matrix for fit parameters

Inputs and outputs for a Bayesian uncertainty analysis with BRICK



Unitarity consistancy

• A proposed 1/2+ or 3/2+

resonance very close to the 
proton threshold in the 
6Li(p,g)7Be reaction

• Two channels open, a-particle 
and proton (both just to GS)

• Ga = 580 keV, Gp = 34 keV 

• Is it consistent with other data?











First steps of 
Nuclear Data 
Evaluation with 
AZURE2

• International Nuclear 
Data Evaluation Network 
for Light Elements 
(INDEN-LE)

• The 7Be system

• 4He+3He and 6Li+p

• Vivian Dimitriou (IAEA)

• Jakub Skowronski 
(Padova)



• Paneru et al. (2025)

• 8Be system

First steps of Nuclear Data Evaluation with 
AZURE2



Final comments
• The phenomenological R-matrix method is a 

powerful tool for nuclear data evaluation and 
extracting reaction rates and their 
uncertainties from cross section data

• Only as good as the input data, both cross 
sections and knowledge of the nuclear level 
structure

• Its flexibility makes it very popular for the 
fitting of a wide variety of experimental 
data

• However, its flexibility can also make 
uncertainties more difficult to quantify

• Lots of work being done in this area recently

• There’s a lot that can still be done and 
improved on

• Many reactions to look at or improve on

• Many types of data yet to be fully utilized

What we hope for


